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1 Introduction

In this project we explore connections between linear logic and separation logic
through linearly-typed A-calculus with explicit malloc/free-style memory man-
agement. Separation logic (sometimes called bunched logic) is propositional
logic extended with separating connectives (* and —), which describe how
propositions (usually some kind of program resource like heap memory) can be
separated into disjoint regions and hold true within each. Separation logic has
been used to reason about memory models (malloc/free and garbage-collected
languages), concurrency models, and amortized resource analysis [3].

The first work to explore the Curry-Howard correspondence between sepa-
ration logic and a type system was with bunched typing [2,4]. Bunched typing
provides a language with the ability to handle both additive pairs and functions
(A and —) as well as multiplicative pairs and functions (x and —). There are
subtle differences between corresponding types in linear and bunched types in
terms of how resources are shared/used. For instance, a linear function type
describes a function that uses its arguments exactly once. The corresponding
function type — from separation logic denotes a function that does not share
its store with its arguments. Similarly, the separating pair type * describes a
pair whose components do not interfere with each other.

Our project takes cues from [2,4] but with a different approach to the se-
mantics, typing rules, and proofs. Rather than express the semantics of the
language in denotational semantics [4], we use operational semantics to make
our formalisms more amenable to implementation as well as for syntactic proofs
of progress and preservation. Additionally, instead of designing the language in
continuation-passing style [2] we take a direct-style approach.

2 Syntax

Our syntax (Figure 1) follows the usual terms found in the A-calculus with pairs
but with the addition of terms for explicit memory management—alloc and gaf
(for allocate and get-and-free, respectively). Figure 2 defines evaluation contexts
and other run-time data.
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Figure 1: The syntax. Note that types consist of linearity qualifiers and pre-
qualified types.
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Figure 2: The run-time data: evaluation contexts, values, and stores.

3 Semantics

Figure 3 defines the substitution function used by our operational semantics.
We define disjoint union over stores as:

o1(f) ¢ € dom(oy)
(01 ® 02)(0) = { o2(¢) ¢ € dom(o)

@ is undefined if domains of o1 and o9 are not disjoint. Our definition of &
is commutative and associative (it is similar to 7, 7 defined in Section 4).

Figure 4 gives small-step operational semantics for our programming lan-
guage. Here, we denote substituting the [ | with e in evaluation context E as
Ele].

Our semantics is two-fold: we interpret linear values as references to the
store and use abstract machine semantics to reason about these references. The
type system we introduce in the next section will ensure that the linear values
hold unique references. As for nonlinear values, we use substitution semantics
and we treat them as values that cannot reference the store. The E-SpLIT and
E-APP rules deal with nonlinear values.

Our language also has safe manual memory management through alloc,
gaf , linear pair and function constructors (which are not values), and the E-
SPLITLIN and E-APPLIN rules. The last four mechanisms operate in a way



similar to David Walker’s presentation of linearly-typed A-calculus. Our addi-
tion of alloc and gaf allows the programmer to move complex data structures
to the store without re-constructing them. In our formulation, the semantics of
the last four mechanisms can be seen as fusion of alloc and gaf with pair and
function construction/deconstruction.

The reason we have both alloc and gaf and the existing methods is that
alloc can allocate only clonable values' and gaf can free and retrieve only
clonable values as well.

3.1 Possible extensions

We considered certain extensions to showcase applications of algorithmic linear
type systems to reason about separation, and designed our type system with
them in mind. However, due to time constraints we could not finish the proofs
for the following extensions we had in mind:

1. Parallel processing: we designed our language and type system so that we
can prove that two sub-expressions do not share the store. Then, we could
evaluate them concurrently without race conditions. Proving this turned
out to be tricky because the allocation order may be different leading to
different stores under different executions and we needed some sort of store
isomorphism.

2. Swapping/re-assigning references without consuming them. Our store typ-
ings turned out to be not expressive enough to allow swapping a location
with a new value (e.g., swap e es with the expected meaning). We enter-
tained several variations of the swap expression and concluded that fusing
swap and let could be a viable solution (similar to how [2] can handle
assignment because they work on programs in continuation-passing style)
however we could not modify our theorems in time to accommodate swap.

4 Typing Rules

We define the following contexts to reason about variables and locations in our
type system:

T' : Variable — Type Typing context
3 : Location — Type Store typing

I' and ¥ carry the information about types of variables and locations. We
denote the empty map via - and we denote a single-element map

We define the operator 7,7 over maps as pointwise concatenation (here,
Az. ... denotes a mathematical partial function, it is not syntax of our language):

Ivalues that do not contain linear references inside
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Figure 4: The operational semantics.
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We define ™, 7 for store typings X the same way as well. Notice that ™, 7 over
typing contexts (and store typings) forms a commutative monoid so we have the
exchange structural rule automatically under this definition and we will avoid
injecting it into our typing rules for our algorithmic type system.

We denote disjointness of maps I'y and I's with

Ty LTy % dom(Iy) N dom(T's) = 0.

We define the context difference operator + inductively—as defined in [1]2:

I =Te=T3 z:linp¢T3 T;+Ty,z:nonp="I43
I'+~.=T 'y +Ts,z:linp=1T3 I'n+=I'y=T3,2:nonp

This operator is undefined if both arguments contain the same linear binding
(e.g. z :linbool + z : linbool). We will exploit this fact to enforce proper
use of linear variables and scoping when type checking A and let expressions.

We also define the following operator "~ to allow weakening of nonlinear
bindings. It removes = from the context if and only if £ maps to a linear type.
Here, I'\ (z : 7) subtracts the binding on the right-hand-side from T".

o { I\ (z:linp) T(z)=linp
r otherwise
When using linear values hence converting them to non-linear values that
can be duplicated, we need to be careful to prevent duplicating values containing
references (e.g. pairs with linear values inside). We define the unary relation
lin-free over types as below to give that guarantee:

lin-freenonbool lin-freenonnum lin-freenonr; — 7

lin-free 7; lin-free 7o

lin-free non 7 * 7

We define ¥ ¢ informally as, “o is well-formed under store typing X.”,
i.e. for each location [ in X, the value o(l) is well-typed and has the type X(1).

2Qur definition is slightly simpler because our definition of 7,7 gives us exchange so we
don’t need to bake it into this definition



‘F;E}—B:THF’

D(z)=r1
= T-VAR - -
¥Fa:7| (T —2) I‘;Z}—qb:qboolHFTBOOL F;EI—qn:qnumHFTNUM
Y (¢) =non 7 L Y Fe:nonp || TV ToA
T;skgl:linr [T %% TS Falloce: linp [T/~ HO€

;Y Fe:linp || TV lin-freenont
I Fgafe:nonp || TV

T-GETANDFREE

Fl;Zl F €1 .71 H FQ 1—‘2;22 F €9 . Ty || F3 q(Tl) q(TQ)
L5 (21,82) Fqler,e) 1 q(mix72) | T3

T-PAIR

;X1 keriq(misme) || T2 Doz, yme;Babeg: 7| Ty

T1;(X1,32) Fspliteyasz,yiney : 7 || T's + (z:71, y:72) T-Spur

Fl;Zlke:nonbool || FQ F2;22F6127H Fg F2;22F€22TH Fg
Fl; (21,22) " 1te e€eeL el T || Fg

T-1Ir

TQZDOHT:>F2:F3+(£CIT1) ].—‘1;21}_6127'1 H FQ FQ,x:Tl;EQ'_GQZTQ || F3
I (3,5 Fletz=epiney: 7 || T+ (xim1)

T-LET

g=non="Ty =T+ (z:7y) Ty,xm;51Fe:m| T

T-ABS
;X Fglere:qm 1 || To+ (i)

F1;21|_€12q7'1 —k T || FQ FQ;ZQ}—GQZTl H Fg
Iy (31,%2) Ferex:m || T3

T-App

Figure 5: Type-checking rules with store-typing context.
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Here, we define store typing carefully for reference-free types (using lin-free
as a side condition) and linear pairs & functions. This definition will ensure that
gaf preserves types properly. For the values of types not free-able by gaf (hence
must be destroyed by split or function application), we inspect the value in the
store to construct an almost-value expression (using linear constructors) to check
the types. We need this unusual deconstruction & construction mechanism
because we do not allow linear pairs or functions to be values so that the only
linearly-typed values are locations which will point to the store.

We define our type system in Figure 5. Notice that the type system is
nondeterministic for non-empty store typings but we put the restriction that the
initial (user) programs are location-free so the type system becomes algorithmic
because there is only one way to split the empty store typing.

5 Proof of Soundness

Theorem 1 (Progress). If ;X Fe: 7 || -, then either e is a value or for any o
such that ¥+ o then (o,e) — (o', ¢€).

Proof. The proof follows by structural induction on derivations of terms of e.
We consider all possible cases as follows:

Case 1: e € Value

A value does not take a step so this case vacuously holds.

Case 2: e = x, where x € Variable

The only rule to type check e is T-VAR but it does not apply under empty
typing context so this case also vacuously holds.

Case 3: e = (e e2)

By the induction hypothesis, e; is either a value or takes a step. Similarly
for ey. If 1 or ey are not values, then by rule E-CTX they take a step. If
e and ey are values, then, since e is well-typed, by T-APP e; is a value of
function type ¢ — 7 and es is of type 71. There are two possibilities:

(a) ¢ = non. Thus, e; = nonAz:7.e3 and e; = v, where v € Value.
Then, by E-APP (o, e) takes a step.

(b) ¢ = lin. Then, e; = £ is a location and it is well-typed through
T-Loc so X(¢) = linT; — 1. Also X F o so 0(¢) = non \z:T.e3
by the store typing judgments. Then, (o,e) can take a step through
E-AppLIN.

Case 4: e=let x = eq in es

By the induction hypothesis, either e; is a value or (o,e1) — (o’

E-CtX. If e; is a value, then, by E-LET, (0,€) — (0, e2[z — e1]).

,e1) by



Case 5:

Case 6:

Case 7:

Case 8:

Case 9:

Case 10:

e =split e; as z,y in es

By the induction hypothesis, either e; is a value or takes a step. If e; is
not a value, then, by E-CTX, it takes a step. If ey is a value, then, since e
is well-typed, e; must be of a pair type ¢ 7, * 7. There are two possibilities
for ¢ (similar to Case Case 3: above):

(a) ¢ = non. Hence, e can be well-typed only through T-PAIR. Thus,
e =non (v, vs). Then, by E-SPLIT, (0, e) takes a step.

(b) ¢ = lin. Then, e; = £ is a location and it is well-typed through
T-Loc so X(¢) = lint; x15. Also ¥ F 0 so 0(¢) = non (vy,v2) .e3
by the store typing judgments. Then, (o, e) can take a step through
E-SpPLITLIN.

e = alloc e

By the induction hypothesis, either e; is a value or takes a step. If e; is
not a value, then, by E-CTX, e; takes a step. Otherwise, if e; is a value,
then, since e is well-typed, e; must be of some type non7. Then, by
E-ALLOC, (0, alloc e1) — (o[¢ — e1],£) for some fresh location £.

e =gaf e;

By the induction hypothesis, either e; is a value or takes a step. If e; is
not a value, then, by E-CTX, e; takes a step. Otherwise, if e; is a value,
then, since e is well-typed, e; must be of some type lin7. Furthermore,
since a location is the only kind of value that can be linearly typed (by
T-Loc), then e; must be a location. Then, we can use E-GETANDFREE
to show that (o, e) takes a step.

e =ite e; egeg

By the induction hypothesis, either e; is a value or takes a step. If e; is
not a value, then, by E-CTX, e; takes a step. Otherwise, if e; is a value,
then, since e is well-typed, e; must be of type non bool. Thus, e; has
value either true or false. If true, then, by E-IFTRUE, (o,¢) takes a
step. Otherwise, if false, then, by E-IFFALSE, (o, ¢) takes a step.

e =lin (eq,e3)

By the induction hypothesis, e; is either a value or takes a step. Similarly
for ey. If e; or ey are not values, than by rule E-CTX they take a step.

If e; and ey are values, then, since e is well-typed, by T-PAIR, e; is
type 71 and ey is of type 72, both lin(71) and lin (72) hold. Then, by
E-ALLOCPAIR (o, e) takes a step.

e=lin\z:7.¢e;

Here, rule E-ALLOCFUN can be applied directly so that (o, €) takes a step.

This shows that progress can be made for all possible derivations of e, and

thus,

proves progress overall. O



Lemma 2 (Substitution). If T,z : 7% Fe: 7 ||V, and ;X Fv: 7| - then
Ty (X, %) Felx— o] o7 || (T + ).

Proof. by structural induction on e, following the definition of the substitution
function. Most of the cases that involve multiple substitution hinge on an
argument on z occurs only once or v is lin-free. The argument is fleshed out in
Case 3. The cases after 3 refer to that argument.

Case 1:

Case 2:

Case 3:

e=nore=>bore=1ore=y for somey # x. Then e[z — v] = e and
the result holds.

e =x. Then 7 = 7/, e[r — v] = e and ¥; = .. We already have

Yo b w:iT | s (21,82) o7 | . Also, e is well-typed only
through T-VAR rule so I = (I',z : 7) — = thus ' = I = 2 hence we are
done.

e =gq{e1,ez). By T-PAIR, we obtain the following judgments:

en Y ke :m || Ty
Fl,E/Q [ €9 . T2 H F/
where 3,3} = 3. Now, we need to case split on 7. There are 2 cases, for

each case we will define X3 and 34 such that X3 = -V, = -; X3, 34 = 3o;
and the applications of the induction hypothesis below work out:

(a) 7 is nonlinear. Then, v is a nonlinear value and v is typed under the
empty store typing (it cannot contain locations inside, as enforced
by T-ABs and T-PAIR rules). So, ¥3 = - and ¥4 = X5 work.

(b) 7 is linear. Then, the only way z is used (i.e. free) in e is either only
in e; or ey or none of them: Suppose x is free in eq, then it needs
to be typed with T-VAR somewhere in the proof tree so x cannot
appear in the output context of ey, which is the input context of e
so if it is free in e; it cannot be free in ey as well. By looking at the
proof tree of well-typedness of e, we can choose:

i. If x is free in eq: let X3 = X, 2y = -.
ii. Otherwise, let X3 = -, ¥4 = Y5. The same assignment will
handle when z is not free in e as well.

From this, and the assumption that ;3o F v : 7 || -, it follows from the
induction hypothesis that,

038 Feflr v || Ty
Fl;(2’2,24) = 62[{)3 — ’U] LTy || I+ z.

Again, we apply the T-PAIR rule to obtain,
F7 (217 22) + (q <617 €2>)[$ = U] °q (Tl * T2) H F/ ~ T,

which is what we want to show.

10



Case 4:

Case 5:

Case 6:

Case 7:

e =gz : T.eg. If z =y, then the desired result T'; (X1,%9) F e[z — 0] :
7/ || (T' =+ z) is immediate because e[z — v] = e. Because no substitution
occurs and x is not free in e, the type of e does not change.

e =qAy: T.eg where y # x. Since y # x. e[z — v] = (g \y : T1.ea[z — v].
We need to show that es[x — v] is well-typed. By typing rule T-ABs,

Dy, 2, y:m0; X1 Feg 1o || T, (1)

where ¥}, 35 = ;1. So, (¢ Az : T.eq) is of type ¢ (11 = 72) = 7). By (1)
and y:71; X9 F v 7 || yi71, it follows from the induction hypothesis that

Ty ym; (X1, Y0) Fez =] im || T + 2.
Therefore, by T-ABS,
[5(21,38) F (gA\x s Tea[z = v]) 1 q(m1 = 72) | TV + =z,
which is what we want to show.
e = (e1 e2). By T-AppP, we obtain:

oY ke iqm =7 || Ty
;38 Fey:m || TV

where ¥ = ¥, ¥, By a similar argument as the pair case (Case 3:),

we can find X3 and Y4 such that X3 = -V Xy = -; X3,34 = ¥o; and
the applications of the induction hypothesis below work out. From this,
and the assumption that ;Yo - v : 7 || -, it follows from the induction

hypothesis that,
[ (3, 8) Fellr = v igm =7 || Ty
I (S5, Fer=o:m || TV +a.
Again, we apply the T-APP rule to obtain,
[5(31,8) F (e1 e2)[z = v] i || TV +
which is what we want to show.

e = letz = ejiney. Then, e[z — v] = letz = ej[z — v]ines. By
induction hypothesis, T'a; (X9, %2) F esz — v] : 7/ || (T's = ) (where Iy
and I's come from well-typedness of e and T-LET rule, and 3},3} = ¥
such that 3} is the part that is used for proving well-typedness of e; in
the proof of well-typedness of e) so, by applying T-LET rule to letz =
e1lz — v]iney, we get I'; (X1,32) Fe: 7' || (I' + z) and we are done.

11



Case 8: e = lety = e;iney; where y # x. Assuming our term is well-typed, we
employ inversion to determine how it could have become well-typed. To
this end, we employ the T-LET rule to see that

Dox:m;¥iber:m || Te Toyim;Xabes: 7| T3
Too:7;(X1,32)Flet y=-e iney: 7 || T'5 = (y:11)

T-LET

where I's + (y:1) = IV and ¥; = ¥{,%),. By a similar argument as the
pair case (Case 3:), we can find X3 and ¥4 such that X3 = -V 34 =
Y3, X4 = Xo; and the applications of the induction hypothesis below work
out. From this, and the assumption that s Xo F v : 7 || -, it follows from
the induction hypothesis that,

i Fefz—=o]:im || Te+x
[+ zym; Yok er—v) 7 || T3+

We can now apply T-LET to obtain I'; Xg, Yo F e[z — v] : 7/ || T3 2+ y.
Note that T's + 2~y =T3 -y + 2 =T" =+ 2 and we are done.

Case 9: e = splite;asy,ziney; where © = y Vo = z. The split rule works
essentially in the same manner as a let construct in that it binds variables
in the first argument to terms in the second argument. If the value to be
substituted names the same value that either z or y appearing in e; do
then we do not propagate the substitution into the body of es. However,
we may still propagate the substitution into e;. To do this, we employ the
T-SPLIT rule to obtain:

Doz X Ferpq(mxm) || T

Where ¥ = ¥, %) and X} is the part of ¥; used for proving well-
typedness of ey in the proof of well-typedness of e. Then, by induction
hypothesis, we have

DoY), S b er = o] i q(m x7) || T

We can apply T-SPLIT again to show that e[z — v] = splitei[z —
v]asy, zines is well-typed under X1, ¥y = 31,35, 3s:

Y, Yo befz—=v]:q(r*xm) || Ty Toyim,zime;Xhbeq:7 ||V =2

F’ (2/17 Z/27 Z2) - Split erasy, Zin82 T H | T-SpLIT

Case 10: e = splite;asy,ziney where © # y A x # z. The proof of this case
is similar to Case 7-the second let case. First, note that e[z — v] =
split e; [z — v]asy, zin ex[z — v]. Then, we start with well-typedness of
e to obtain a way to split the store typing:

Doe:m¥i ke iq(nxm)||Ty To,mm,ym;Xhber: 7| TV

Dyx:7; (X, 55) Fsplite;asz,yines : 7 || s + (2711, y:72) T-SpLrT

12



Case 11:

Case 12:

Case 13:

where ¥ = ¥, ¥, By a similar argument as the pair case (Case 3:),

we can find X3 and Y4 such that X3 = -V X4 = -; ¥3,%34 = ¥o; and
the applications of the induction hypothesis below work out. From this,
and the assumption that ;Yo F v : 7 || -, it follows from the induction

hypothesis that,

Y S kefz o] o7 || T
I3, Sy bk ezl 7 | TV =2

Then, we can apply T-SPLIT to obtain the judgment I'; X9, X5, ¥ F e[z —
v || TV + .
e =iteeej es. e is well-typed so we know

I3 Fe:nonbool || Ty To;¥iber:7||Ts DoyXhbeg:7 | TV
Iy (2,2 Fiteeey eg: 7 || TV

T-1Ir

where ¥ = ¥, %), By a similar argument as the pair case (Case 3:),

we can find X3 and X4 such that X3 = -V X4 = -; ¥3,%34 = ¥s; and
the applications of the induction hypothesis below work out. From this,
and the assumption that ;o F v : 7 || -, it follows from the induction

hypothesis that,

;21,33 F e[z — v] : non bool || Ty
F2;2/27Z4 l—el[m»—m)] s || I'+~z
[ X0, Sy bk ezl 7 | TV =2

Note that e[z — v] = itee[x — v]ej[x — v]es[x — v]. Then, by apply-
ing T-IF rule, we obtain I'; 1,35 F itee[z — v]ei[z — v]ez]x — o] :
7' || T =+ x, and we are done.

e = alloce;. e[z — v] = alloce; [z — v]. By induction hypothesis, we get
T;(21,%2) Ferfz — o] :nonp || (T + z) where 7/ = linp. By T-ALLOC
we get I'; (X1,32) F allocey [z +— v] : linp || (T' + ) and we are done.

e = gafe;. elx — v] = gafej[x — v]. By induction hypothesis, we
get T';(21,32) F er[z +— o] : linp || (T =+ z) where 77 = nonp. By T-
GETANDFREE we get I'; (X1,%2) F gafei[z — o] : nonp || (T’ + z) and
we are done.

O

Although the typing contexts and the store typings seem disparate, our
substitution lemma shows that there is a cromulent relation between the two
formed by substituting variables with values potentially referencing the store.

Lemma 3 (Contexts don’t introduce variables). If x is not free in El[e] then it
s not free in e.

13



Proof. By induction on E. None of the cases for evaluation contexts introduce
variables that can be used in the holes. O

We use the lemma below implicitly to split stores along with splitting store
typings.

Lemma 4. If 31,%5 + o then Jo1,09 such that o1 L o9 and X; + o; for
ie{1,2}.

Proof. The proof is rather uninteresting and by induction on ;.
e 3y =-. Then, o1 =[], 02 = 0, X9 = X satisfy the conditions.

e ¥y =/ :7,%,. Then, by IH, there is a o} such that X{,3s F o} & o9,
01 ® 09 =0, and 0 = [{ — v] ® o’. Then, using the definition of ¥ I &
and associativity of &:

Y, Yok ol ®oy o=l v]do] Do
Y1, k01 @02

O

We will prove a weak version of preservation theorem for evaluation contexts
and expressions with no free variables.

Lemma 5 (Preservation for evaluation contexts). If X F o, and ;X F Eleq] :
7 || - then Jo1, 0,092,581, %), X0, Voi.X] F o) AX] L o such that

S =%, 5 )
YikFor (3)

Sy F oy (4)
sYiker i |- (5)

5 (21, 52) F BT - (6)

hold for any given well-typed expression €' such that ;37 e’ 71| -.

In prose, if we can split a top-level expression into an evaluation context and
an inner expression, then we can also split the resources needed to type check
the expression so that the resources needed (the store typing) for the evaluation
context and the resources needed for the inner expression are disjoint.

Proof. By structural induction on F.

All the cases below use the induction hypothesis to get store typings handling
the inner context F; (F; arises from scrunitizing E for structural induction),
then use associativity of ™, 7 to shuffle things around to obtain ¥, that satisfies
the conditions for E. The cases are pretty similar but we produce all of them
for completion nevertheless.
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Case 1:

Case 2:

Case 3:

Case 4:

Case 5:

E = []. This case trivially holds where ¥} = ;. We will look at the
proof tree of -; X  Ele;] for the rest of the cases to obtain X1, 3, 35 that
satisfy the conditions. The uses of 1H in the proof trees below indicate use
of the induction hypothesis.

E:Ele.
Yo b Eiler]:qm =7l - Xpbe:T | -
1[1] qT 2H b 1|| T-App
5 Y, Xy Erler]e:mo || -
So,
-;E;l—El[e’]:qu—*TgH-IH sXpkeim |-
T-Aprp

S XS E Erle]e: | -

Then, by IH?, there is a ¥’ such that ¥/ = ¥{,¥ and X, = ¥;,%.
Choosing Y5 = X, Y’ satisfies the conditions in our theorem statement
by associativity of ™, .

E = vE;. The proof for this case is similar to the case above. We apply IH
to E1le1] and Eq[e’] then use associativity of 7, 7 just like the case above.

E = q(FE1,e3). The proof of this case and the other pair case is similar to
the application case above.

Yo F Eiler] ]l c sXpbexim| - q(r) q(r2)
5 (Ba,5p) F g (Eiler], e2) s q(m % 72) || -

T-PAIrR

So, using IH on F;, we get:

IH
sXlEEe] |- sYpbea:im]| - q(n) q(m)
5 (25 5) g (Erle], e2) 1 q(mix72) | -

T-PAIR

Then, by IH, there is a ¥’ such that ¥/, = ¥{,¥ and ¥, = ¥;,%".
Choosing Yo = X3, X/ satisfies our theorem statement.

E = ¢ (v, E;). The proof for this case is similar to the one above. We
apply TH to the second part of the pair then use associativity of 7, to
build ¥} and %,.

3induction hypothesis
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Case 6:

Case 7:

Case 8:

Case 9:

FE =letx = Fine. We have

sY.FEiler]:m |- oSy bes i -
: T-LET
5 (e, ) Flet = Eile1] ineg : 7o || - = (zi11)
So, by applying IH on F;, we get
IH
sXaFErle] i | - LT Ny e T || T
5 (Be, ) Flet z=Ei[e/]iney: o || -+(zim) BT

where there is a ¥/ (obtained by IH) satisfying ¥, = ¥1,%’, and X/ =
31,%. Then, setting 3o = ¥p, ¥/ satisfies the conditions in our theorem
statement.

E = split Fy asz,yines. By well-typedness of E[e;], we have

sY b Eiler] i q(mixm) ||+ xm,yme; Xt ea: T || T's

3 (Ba, Xp) Fsplit Eq[e1]asz,yiney : 7 || s + (2171, y:72) T-Sprrr

Where I's + (z : 71,y : 72) = - because Eleq] is well-typed with output
context -. By applying IH on E;, we get:

IH
sXEEE] i q(m k) || - T,y Np Feg T || T

5 (X0,%,) Fsplit Ey[e']asa,yiney : 7 || Ty + (z:71, y:72) T-Sprrr

where there is a ¥’ (obtained by IH) satisfying ¥, = ¥1,%’, and X/ =
31,5, Then, setting ¥y = X3, ¥’ satisfies the conditions in our theorem
statement.

E = ite E ey e3. We have
Y4 F Eqle;] :nonbool |- XpbFes:T| - Xpbes:T| -

(% %0) Fite Eler] eaes 7| - T-Ir
So, by applying IH on F;, we get:
S F Ei[¢] nonbool |- Sybkep:T|- <Spbes:T] - o
-Ir

(XL, 5) FiteEle'|eges : T || -

where there is a X’/ (obtained by IH) satisfying 3, = ¥1,%’, and X/ =
31,5, Then, setting ¥y = X3, ¥/ satisfies the conditions in our theorem
statement.

E = alloc E;. By well-typedness of E[e;] we have:

'Y F Eiler] :nonp || TV
I'; X + alloc Eqfeq] : linp || TV

T-ALLOC
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By applying IH on F;, we get:

IH
'Y F Eiler] :nonp || TV

I'; X + alloc Eqfeq] : linp || TV

T-ALLOC

where there is a Y5 (obtained by IH) satisfying ¥ = 31, X5 and other con-
ditions stated in our theorem. This Yo works directly because alloc itself
does not need additional store typing in our type system.

Case 10: E = gaf E;. By well-typedness of Ele;] we have:

I8 F Erfeq] : linp || TV
;Y + gaf Eyleq] : nonp || TV

T-GETANDFREE

By applying IH on F;, we get:

H
'Y F Eiler] s linp || TV
;¥ F gaf Eyfer] :nonp || IV

T-GETANDFREE

where there is a Yo (obtained by IH) satisfying ¥ = ¥, ¥ and other
conditions stated in our theorem. This Y5 works directly because gaf itself
does not need additional store typing in our type system.

O

Lemma 6 (Frame rule). If (o1,e) — (01,€¢') and o2 L 01 Aoy L o} then
(01 ® 02,€) = (0] @ oa,€).

Proof. By structural induction on e, following the evaluation rules.
Case 1: e = v, a value does not take a step so this case vacuously holds.
Case 2: e = x, variables do not take a step so this case vacuously holds.

Case 8: e = Ele1], the only rule that applies is E-CTX. So, (01,e1) — (0],€}). By
induction hypothesis, (o1 & 09,e1) — (0] & 09,€}). By applying E-CTX,
(01 ® 09, Ele1]) — (0] & 09, E[e}]).

Case 4: e = v1vg, by the argument from theorem 1 for the application case, v; =
gAx : T.e2 is a lambda abstraction (if ¢ = non) or a location (if ¢ = lin).

In the first case, the only way for e to take a step is through E-APP rule.
Note that the store is not used for this rule, so if (o1,e) — (01,€’) then
(0'1 @ o2, 6) — (0'1 @ o2, 6/).

In the ¢ = lin case, the only way for e to take a step is through E-APPLIN
rule. So, (o1,fvs) — (0}, e1[va — x]) where o1 = 0] @ (¢ : non Az : T.e1).
Note that o1 @ o9 = (0] ® 02) ® (¢ : nonx : T.e;) by associativity
and commutativity of @. So, E-APPLIN rule also applies under oy @ os:
(01 ® 02,€) = (0] ® 02, €1[v2 — z]).

17



Case 5: e = (letz = vinesg), the proof for this case is similar to the case above.
The only way e can take a step is via E-LET rule, which does not use the
store. So, if (o1,€) — (01,€’) then (o1 ® 02,¢) — (01 B 02,¢’).

Case 6: e = itewvej eq, the reasoning for this case is similar to the let case above.
The only way e can take a step is via E-IFTRUE and E-IFFALSE rules.
Neither of these rules uses the store and they both leave the store intact
so if (o1,€) = (01,€’) then (o1 & o2,e) — (01 D o9,€’).

Case 7: e = splitnon (vi,vs) asz,yines. The only way e can take a step is
through E-SPLIT rule. This rule also does not use or alter the store so if
(01,€) = (01,¢€') then (o1 @ 09,€) — (01 D 0a,€’).

Case 8: e = splitfasz,yine;. The only way e can take a step is through E-
SPLITLIN rule. So, (01,fv2) — (01,e2[v1 — z][va — y]) where o1 =
o1 @ (£ : non (v1,v9)). Note that o1 ® o9 = (0] B 02) ® (£ : non (vy,vs))
by associativity and commutativity of @. So, E-SPLITLIN rule also applies
under o1 @ og: (01 B 02,€) = (0] B 09, e2[v1 — z][va — y]).

Case 9: e = allocv. The only way e can take a step is via E-ALLOC rule. So,
o1 = o1/ — v] and (o1 @ o9,allocv) — (01[¢ — v] @ 03,¢) also holds
because o2 L o1[¢ — v] is a premise in our theorem.

Case 10: e = gaf /. The only way e can take a step is via E-GETANDFREE rule.
So, 01 = oi[f — v] and (o1 ® o9,gafv) — (0] ® 02,01(¢)) also holds
because o1 L o7.

O

Theorem 7 (Preservation). If

sXhke:T| -
YFo
(0,e) = (o, ¢€)
Then there exists a store typing ¥/ such that ¥’ F o and X Fe 17| -

Proof. The proof follows by structural induction on e, grouped by different cases
e — ¢’ applies. We consider all possible cases as follows:

Case 1: e = v, a value does not take a step so this case vacuously holds.

Case 2: e = x, the only rule to type check e is T-VAR but it does not apply under
empty typing context so this case also vacuously holds.

Case 3: e = Ele;] for some evaluation context E and expression e;. The only
applicable rule for Ee;] taking a step is by using E-CTX rule: (o, Fle1]) —
(o', Efen])-
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so Yoy such that (o1,e1) — (0f,€}) the following holds: (o, Ele1]) —
(o} @ o2, Fle}]) where oo denotes the rest of the store (the solution to
0 = 01 ® 09) by frame rule and E-C1x.4

By induction hypothesis, we know that there exists a ¥} such that ;3 -
ej 7 || - and ¥} F of. By lemma 5, we know that

Y =31,
Y1 LY,

s ke T |-
550, 2 F Bl] 7 |-
Yi1Fo1
Yo b oo

So, (X1, X2) F Ele'] : 7 || - and (X}, 32) F o] @ 0s.

Case 4: e = v1vy. e is well-typed and the only rule that applies is T-APP. So, the
type of vy is ¢ 71 = 7. By well-typedness of e, we know:
X kv igm =T Yo kv |
-;21722 |_U1’U2 . T || .

T-Aprp

There are two possibilities:

(a) If ¢ = non then v; has to be a function so v; = gz : 71.€;. So,
x 7135 F ey 7] - as demonstrated by the only valid proof tree for
well-typedness of e below:

=Ty =wx:m z:m;SiFer:7|a:Ty

<Y1 Fnon)x:T.e; inonT =T | - T-ABs
So, e can take a step only by applying E-App rule: (o, (¢Az : t.e1)ve) —
(0, e1[z — wva]). So, for this case, 0/ = o and ¢’ = e[z > vo]. X1 F o’
and by substitution lemma, ;%1 F ej[z — v] || - so this case holds.
(b) If ¢ = lin then v has to be a location. Let v = ¢. Either of the
following cases hold where ¢ = ¢/,/ : v and X1 = £ : linTy — 7,%'
because v is well-typed via T-Loc.

sYkFov:nonm =7 - XFo linfreenonr —7 )
ClinT, = 7,51 F L, 0 ST
Y FlinAz e i linm =7 Yo
ST3

ClinT) -« 7,2 F (£:non Az : 1y.e1),0

4Here, we are focusing on the part of the store needed for e; so we can use the induction
hypothesis then extend the store.
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If sT2 holds then o(¢) is a lambda abstraction because it is a well-
typed value of type non7; — 7. So, in both cases, () = non Az :
71.e1 and x : 71;351 F ey : 7 || I3 where T's = 2 : 71 = - because the
function in the store is well-typed as enforced by the first premise
of each store typing rule above. So, e can only take a step via E-
APPLIN rule: (o,e) — (¢/,e1[x — wv3]). By our store typing rules
above, we know that ¥},¥s F o], 09 where X/, o] come from the
store typing rules above and o9 is the part of o satisfying s F o9.
By substitution lemma, -; 3, X5 F eq[z — vg] : 7 || - so we are done.

Case 5: e = (letx = viney). The only applicable typing rule is T-LET. So, we
know the following:

non (1p) = - =g =+ (x:7)
s kviT || T

.1'171;22 = €2 1 Ty || F3

where ¥ = Yj,35. Also, the only way for e to take a step is via E-
LET rule: (o,letz = vines) — (0,e2[z — v]). So, we can apply the
substitution lemma to obtain -; 3 F eg[z + v] : 7 || - and we are done.

Case 6: ¢ = splitnon (vi,vo)asx,yines. This case is similar to the let case
above. The only applicable typing rule is T-SPLIT so we get

T, YT N3 Fey T || TV
I+ (v:m,yim2) = -
where our store typing is split into three parts® ¥ = 3y, 3y, X3 such that
Yok we:iTe |- and 5 Xo b vy o || - so, we can apply the substitution
lemma to obtain
Yo (X1, 83) Fealz = o] o 7 | T = (yime) = -

we can apply the substitution lemma again to obtain

(81,80, 83) F e[z = vy va] i 7| -

Notice that the only way for e to take a step is via E-SpLIT: (0,e) —
(0,ea]x — v1]ly = v2]), and we just showed that X b ex[z — v][y —
va] : 7 || - so we are done with this case.

Susing the typing rules T-PAIR and T-SPLIT in the proof of well-typedness of e
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Case 7:

Case 8:

Case 9:

e=splitlasx,yines. Let ¥ = X1, 35 and 0 = 01 P 09 satisfying 3; F o;
for i € {1,2}. We will get X1, X5 from the well-typing proof of e:

sy L lin (7)) || - o,y Yo beg i T -
. : T-SpLIT
5 (X1,%0) Fsplitfasz,yines : 7 || - +(x:7my, y:72)
Note that I's = (x : 71,y : 72) = - because the output context of well-

typedness of e is empty (k).

Also note that, ¢ is well-typed under empty context so we know that
31(¢) = lin Ty x 7 for some 7y, 72. By 31 F o1, we know that either of the
following judgments hold:

sYXiFvinonT x| - XiF o} linfreenont

2
ClinT * 7, X F L, 0 ST

,2/1 F lin <’Ul,1}2> Zlil’lTl * To || . 21 [ 0.1

4
ClinTy * 75,3 F (¢ : non (vy,v9)),0] ST

In the first case (where ST2 holds), o1(¢) = v is a value of a nonlinear pair
type so it has to be a pair 01(¢) = v = non (v1,v3). In both cases, we can
apply only E-SPLITLIN rule to step e. So, (o1 & 02,€) — (0] B 02, e[z —
v1]ly — ws]). By applying the substitution lemma twice and using the
observation (x) above, we obtain -;X1,X5 F e[z — vi]ly — wvo] : 7 || -
Also, ¥} I o] by the store typing rules above and we have X5 - 09 so the
store typing X, Yo also satisfies X1, X5 - 01 @ 0 and we are done.

e = allocwv. e is well-typed and the only typing rule that applies is T-
ALLOC so the type of e is lin7 and ;3 F v : non7 || - holds. The only
way e can take a step is via E-ALLOC rule so (o, allocv) — (o[l — v],£).
Note that ¥,£: non7 - o[l — v] hence s X, ¢ :non7F£: lin7 || -

e = gafv. e is well-typed and the only typing rule that applies is T-
GETANDFREE so the type of e is nonp and ;X F v : linp || - holds.
Since v is a value that has a linear type, it has to be a location: v = ¢ for
some ¢ € dom(c). The only way e can take a step is via E-GETANDFREE
rule: (o,gaf?) — (0/,0(¢)) where ¢’ is o without the binding £ — o(¥).
We need to find a ¥ such that ¥’ ¢’ and X' Fo(f) || -

Note that ¥ F ¢ and o is non-empty. Because stores and store contexts
are unordered, all proofs of ¥ - o commute (we can re-order the heaps to
change the proof tree). So, the premises of the following judgment hold
and are exactly what we need (where ¥’ is ¥ without the binding ¢ : 7,
the last premise holds because it is a premise of well-typedness of gaf v):
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Case 10:

Case 11:

Case 12:

Y Fv:nonp| - XFo linfreenonp
Clinp, X F v, o

e = itewvejes. The only way to type check e is via T-IF so ;- F v :
nonbool || -. So, we know that

sXbker:T| -
X bkey:T| -

The only ways e can take a step are via E-IFFALSE and E-IFTRUE,
depending on v. So the possible next states are (o,e)— > (o,e1) or
(0,e)— > (0,e2) and we just showed that the type of the expression is
preserved in both cases.

e =linAz : 71.e;. e is well-typed so ;¥ e : lin7y — 72 || -. The only
way e can take a step is via E-ALLOCFUN: ((o,lin Az : 1.¢) — (o[l —
non Az : T.e], ) where ¢ is a fresh location. Let X' = X, ¢ : linT — 7.
Then, the following judgment holds (the premises are the assumptions in
our theorem).

Y FlinAz:m.e:linm «n |- Zho

ClinT) = 79,2 F (£ :non Az : 71y.€),0

So, the type of our expression and the store is preserved under the store
typing X/ = X, £ : linT; — 75 in this case.

e = lin (v1,v9). The proof of this case is similar to the case above. e is
well-typed so ;X F e : lin7y x5 || -. The only way e can take a step is
via E-ALLOCPAIR: ((c,lin (vi,v9)) — (o[¢ — non (v1,v9)],£) where £ is
a fresh location. Let ¥/ = X £ : lin 7y * 75. Then, the following judgment
holds (the premises are the assumptions in our theorem).

X Flin (v, vg) :linTy x| - Xho

ClinTy x 17,2 F (€ : non (vy,v2)),0 ST
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